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/* Programl */

(6.9.3.51.7) void swap (int X[], int i, int 7J){
int tmp = X[1i]; X[i] = XI[j]l; X[j] = tmp;
(3,5,1)—6 —(9,7) }
int partition (int X[], int left, int right) {
int pivot = X[left];
int 1 = right;
(1—3—0) (7.9) for (int j = right; j >= left+l; j--) {
if (X[j] >= pivot) {
[A]
i-=;
}
(1,3,5)—6 — (7,9) }
I [B]
(1,3,5,6,7,9)
return i;
X8 }

void f(int X[], int left, int right) {
if (left < right) {

int pivotpos = parti X, left, right);

}

}
int main (void)
int X[10] = {
f(X, 0, siz izeof (X[0]) - 1);
return 0;
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Problem 1
I. A conducting sphere of radius a placed in vacuum has a charge Q. Let the vacuum permittivity be &, and the
electric potential at infinity be zero. Answer the following questions. You may use the following formulae for vector
analysis in polar coordinates (7,0, ¢).
af 10f 1 6f> divA = 1 a(rZAT)+ 1 6(sin9A9)+ 1 04,
or’ radf’ rsinfadg/’ T r2
U)o 2D (o) L0

a0

2p .~ % inf—
v f_rz ar(r or) r?sinf sin@ +r2 sin? 6 dg?

gradf = ( or rsin a0 rsinf dg’

a0

(1) Find the electric field strength at a distance r from the center of the sphere.

(2) Find the electric potential at a distance r from the center of the sphere.

Next, free charge is uniformly distributed with volume charge density p, (> 0)fin"a dielectric sphere of radius a

and relative permittivity &. = 3 placed in vacuum, as shown in Fig. 1¢Answer the following questions.

(3) Find the electric field strength at a distance r from the center ofithe,sphereyand draw its graph as a function of
T.

(4) Find the electrostatic energy stored in this system.

(5) Find the magnitude and direction of polarization P'at a'distance n(< a) from the center of the sphere. Then,
based on the result, find the volume polarization charge density at (< a) and the surface polarization charge
density on the surface of the sphere.

(6) Next, the free charge is not uniformly_distributed in the dielectric sphere but is distributed with volume charge
density p(r) depending on the distance 7 from the center of the sphere. When the electric potential in the
sphere V(r) at r (< a)fis given by the following equation, find p(r).

3
V)=V, (1 - 10a3>

& =3

Fig. 1
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II. Let the vacuum permeability be u,. Answer the following questions.

(1) Two sufficiently-long, infinitely-thin, parallel straight conducting wires are placed in vacuum separated by a
distance d. The two wires carry equal constant currents / in the same directions. Find the magnitude and
direction of the force per unit length on the wire.

(2) In the case of Question (1), sketch the magnetic lines of force in a plane perpendicular to the wires. Sketch them

also when the constant currents I flow in the opposite directions to each other in the two conducting wires.

Next, as shown in Fig. 2, a sufficiently-long conducting cylinder of radius a and uniform permeability u is placed
in vacuum. The conducting cylinder carries a constant current I; (> 0) which is uniformly distributed in the cross-
section of the conducting cylinder. A single-turn circular coil of radius b made from an infinitely-thin wire is put on
a plane containing the center axis of the conducting cylinder. The circular coil carries a constant current I, (> 0) in
the direction shown in Fig. 2. Let the distance between the center axis of the conducting cylinder and the center of

the circular coilbe D (D > a and D > b). Answer the following quéstions.

(3) Find the strength of the magnetic field produced by the currentelimat a distance r from the center axis of the
conducting cylinder.

(4) Find the magnetic field energy per unit length stored inside the condueting cylinder. Then, based on the result,
find the internal inductance per unit length of the conducting cylinder.

(5) Find the mutual inductance between the conducting cylinder and the circular coil. As D > b, you can
approximate that the magnetic flux linkingthe circular coil created by the current I; is equal to the product of
the magnetic flux density at the center.of the cireular coil created by the current I; and the area of the circular
coil.

(6) Based on the result of Question (5), find the magnitude and direction of the force acting on the circular coil.

Q

-
I TT I

a 2z
: b
D
1 Ho

L

Fig. 2
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Problem 2

I.  Answer the following questions on electrical circuits. Symbols used in figures are defined in Legend.

The circuit is configured as shown in Fig. 1. The switch S had been opened for a sufficiently long time and then was

closed at time t = 0. Answer the following questions for the current i(t) at t > 0.

(1) Write the equation which the current i(t) statisfies.
(2) Find the condition that the circuit should satisfy for the current i(t) to be a damped oscillation.
(3) Assuming Rg; =Ry =1 Q, Ly=1H, ¢;=1F, and V5; =1 V, find the equation of the current i(t).

Next, the circuit is configured as shown in Fig. 2. The angular frequency of the sinusoidal AC voltage source V;(t)

1S w.

(4) Find L, and C, that maximize the power supplied to the resistorhR,, using reSistances Rg, and R, and the

angular frequency w.Assume R, > Rg,.

Rgq Ry Ly Rs, L,
R A S i
.|. Vs1 \‘IS C, _|_ Vi(t) _|_ C, R,
L - '
Fig. 1 Fig. 2

Next, the circuit is configured as shown.inyFig. 3. At time t < 0, only switch Sy had been closed. At time t >
0, every AT second switches S;, S,, [S3, S4 and S: are opened and closed to switch the following two states.
State 1: At time t = 2MAT(M'=0,1,2;...), switches S;, S;, and Sz are closed and switches S, and S; are
opened.

State 2: Attime t = (2M +1)AT, switches S, and S; are closed and switches S;, S;, and Sg are opened.
Here, Fig. 3 shows the circuit switching from State 2 to State 1.

(5) Find the relationship among L;, R;, and C; giving the current I, to be a decaying waveform without
oscillation at time t > 0.
(6) Assuming R; =1 Q, C3=C,=1F, L;=0 H, V5, =1 V,and AT =1 second, calculate the maximum

voltage Vy; at the node N;.You may use e~ ! = 0.37.

Sy Sy Ss
/v x N; /v L3 Iy, -} Resistor _L_ Ground —\— Switch
J_ J_ —YYY\_ Inductor L DCvoltage

C3 R; T source

Vszf 53 K T S4 T
l s /¥ _I I_ Capacitor <,9 AC voltage

source

Fig. 3 Legend
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II. Answer the following questions on circuits using MOSFET. Symbols used in figures are defined in Legend.
Note that the body bias effect is negligible in following questions. Here, Vpy denotes the threshold voltage of
transistors, gpy,; denotes the transconductance of transistor M;, and g,,, denotes the transconductance of

transistor M,.

(1) The voltage amplifier circuit is configured as shown in Fig. 4.

(1-1) Let the drain current of the transistor M; be Ip. Using parameters R, Ip, Vpp, Vin,and Vry, write the
condition for the transistor M; to operate in the saturation region.

(1-i])) When the transistor M; operates in the saturation region and the channel length modulation effect is
negligible, draw a small signal equivalent circuit model of this amplifier circuit. Also, find the small signal
gain of this circuit.

(1-iii) When the transistor M; operates in the saturation region and the channel length modulation effect is
NOT negligible, draw a small signal equivalent circuit model of this amplifier circuit. Also, find the small
signal gain of this circuit. Note that the channel length modulation effect of transistor M; is
approximated as the linear resistance 7.

(2) Find the small signal gain of the amplifier circuit shown in Fig. S«Note thatthe transistor M, is biased to operate
in the saturation region. The channel length modulation effect of transistor M, is approximated as the linear
resistance 7.

(3) The amplifier circuit is configured as shown in Fig. 6."Assuming the transistor M; operates in the saturation
region, and the small amplitude AC signal is input.

(3-1) Find the small signal gain Voyr/VxdWhere Vx isthe signal at the node X. The channel length modulation
effect of transistor M; is approximated as the linear resistance 7.

(3-i1) Find the small signal gain ¥yt /Vinafocusing on the currents that flow through C; and C,.

(4) Describe one advantageand one disadvantage of each amplifier circuit shown in Figures 4, 5, and 6.

Vbp Vbp Vop
R Vs o_ M, I
C;
M, Vour Vour C, Vout
Vin o 111) v M, Vin o] 2 M,

Fig. 4 Fig. 5 Fig. 6

—:’— Resistor —L— Ground
P 11
G o_IIZI N-type MOS @ Voltage-controlled

transistor current source

transistor

D
a o_lq P-type MOS —I I— Capacitor

Legend
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Problem 3

I. Answer the following questions on information theory. You may use the following approximations: log, 3 =

1.6, and log, 5 = 2.3.

(1) Consider measuring multiple coins using a balance. Each measurement by the balance has three possible
outcomes: balanced, left side lighter, or right side lighter. Determine the maximum amount of information

obtained from each measurement.

Suppose that we have 12 coins, among which there may or may not be one counterfeit coin. If there is a counterfeit
coin, it may be either heavier or lighter than the other coins. There are 25 possible outcomes: “12 outcomes where
there is a heavier counterfeit coin,” “12 outcomes where there is a lighter counterfeit coin,” and “1 outcome where
there is no counterfeit coin.” Assume that the occurrence probabilities of all possible outcomes are equal. Let X be

a random variable describing the possible outcomes of the 12 coins, and H(X) beétheentropy.

(2) H(X) quantifies the amount of information necessary to identify the counterfeit coin if any, and to judge if it is
heavier or lighter. Obtain H (X).

(3) Using the balance multiple times, we wish to identify the counterfeit eoin if any, and to judge if it is heavier or
lighter. Explain how we can use the results of Question (1)yand Question (2) to determine the number of

measurements necessary for it.

Suppose that we weigh m (m = 1,2,---,6) ¢0ins againsthother m coins using the balance. We would like to
consider the amount of mutual information L(X; V) = H(X) — H(X|Y) obtained from the measurement. Here, Y is
a random variable describing the outcome of the. measurement, where Y = B means balanced, Y = L means left
side is lighter, and Y = R means right side is lighter. H(X|Y) is the conditional entropy. Pr(A) is the occurrence
probability of an event A.

(4) Express Pr(Y = L) and Pr(Y = B) as a function of m.

(5) Express H(X|Y) as a function of Pr(Y =L), Pr(Y =R), Pr(Y =B), HX|Y =L), HX|Y =R), and
H(X|Y = B).

(6) By obtaining H(X|Y = L), H(X|Y =R), and H(X|Y = B), we can calculate I(X;Y) from the results of
Question (2), Question (4), and Question (5). Explain how we canuse I(X;Y) to determine the number of coins

put on each side in the first measurement.
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II. In wireless communication systems, we need to design a digital filter to remove the effect of delay waves due
to multipath. Assume that multipath is modeled as a channel impulse response shown in Fig. 1: two-path channel
model consists of one direct wave and one delay wave, and the delay wave is obtained by multiplying the direct wave
by a real constant a. Let x(n) be a transmitted signal and y(n) be a received signal. Here, x(n) and y(n) are

discrete-time signals, and n is an integer.

(1) Express the difference equation describing the relationship between x(n) and y(n).

(2) Find y(n) when x(0) =1, x(1) =-2, x(n) =0(Mn # 0,1), and a = 0.8.

(3) Determine the impulse response g(n) of a digital filter that will recover x(n) from y(n).

(4) Show the condition for the digital filter of Question (3) to be stable.
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Problem 4

I.  Answer the following questions on logic circuits. Lower italic letters such as x and y represent logical

variables. Also, x -y, x+vy, x @y, and X represent logical conjunction (AND), logical disjunction (OR),

exclusive disjunction (XOR), and negation (NOT), respectively. Fig. 1 shows the symbols for logic gates used in
circuit diagrams. Use these symbols in your answers.

(1) Complete the truth table for the logical function 0 = C(x,y,z) implemented by the circuit in Fig. 2. Also, obtain
the logical formula of C(x,y,z) in the most simplified sum-of-products form.

(2) Suppose that we design a full adder circuit FA, which receives 1-digit binary numbers x, y, and a carry i as
the input and compute their sum z and the carry ¢ as shown in Fig. 3. Obtain the representations of z and c
as logical functions of (x,y,i) in the most simplified sum-of-products form. Suppose that Fig. 4 is an
implementation of FA. Draw the circuit for A; in Fig. 4 using only XOR gates, and draw the circuit for A, in

Fig. 4 using only NAND gates.

In the following, we design circuits S, D, and SD using the full adder circuit FA<in Fig 3.

(3) Suppose that a circuit S computes the sum of 2-digit binary numbers»X =x3x, and Y = y,y,. As in Fig. 5,
(x0,¥o,%1,y1) is the input to S. For the sum Z = X + Y and its'binary representation Z = z,z, z,, the output
of S is (zy,2;). Draw the circuit S using the full adder circuits FA “and the gates in Fig. 1 if necessary.

(4) Suppose that a circuit D shown in Fig. 6 computes the difference Z = X —Y of 2-digit binary numbers X =
x1x%o and Y = y,y,. Here, the negative number —¥ 1s defined by the two’s complement as —Y = y; y, + 01.
Also the difference is defined as Z = X + (—¥) by, using the negative number —Y. Draw the circuit D using
the full adder circuits FA and the gates inFig. 1 if necessary.

(5) Suppose that, for input (xg, Vo, X1, Y1.W), a cireuit SD shown in Fig. 7 outputs the sum obtained in Question
(3) when w =0 and the difference obtained in“Question (4) when w = 1. Draw the circuit SD with the

smallest numbers of bothithe'full adder circuits FA and the gates in Fig. 1.

1) > x
X
AND OR Full adder y Ay —C
X —] l
—C
>o :)D_ Vo Y— Fa
NOT  XOR y ;] Lz
1) > - Mo
NAND  NOR o
Fig. 1 Fig. 2 Fig. 3 Fig. 4
xl —
Y1 — — < N — — < " — <
S D xo — SD
Xo — — <o Xo — — <o — 2o
Yo —
Yo — Yo —]
w —
Fig. 5 Fig. 6 Fig. 7
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IIL.

Consider the following algorithm f(X), which overwrites an input array X = (x;,x,,**,x,) of n distinct

non-negative integers to sort its components in ascending order:

1.
2.
3.

for n =0 or n =1, do nothing.

for n = 2, do nothing if x; < x,, and overwrite X as X = (x,, x,), otherwise.

for n > 2, select an element p of X by using a function h(X) as p = h(X). Let X; be an array consisting
of all the elements in X being smaller than p, and X, be an array consisting of all the elements in X being
greater than p. Overwrite X as X = (X;,p, X;). Then, recursively apply f to the subarrays X; and X, in
X as f(X;) and f(X,), respectively.

Answer the following questions.

(1)

2)

€)

(4)

©)

Fig. 8 exemplifies the operation of f for an array X = (6,9,3,5,1,7) when h(X) = x; and the order of the
elements in X; and X, inherits their order in X. Draw the operation of f for X = (6,8,4,5,2,3,1,9,7) by
following the diagram in Fig. 8.

Suppose that an array X contains each integer from 1 to 9, oncefeach. Also, assumesthat h(X) = x; and the
order of the elements in X; and X, inherits their order in X. Obtain the array X, ..<that maximizes the number
of recursive calls of f(X) and has the largest value evaluated.asia,9-digitiinteger. Also obtain the array X,
that minimizes the number of recursive calls of f(X) and has the largest value evaluated as a 9-digit integer.
Note that the value of X = (1,2,3,4,5,6,7,8,9) evaluated as'a 9-digit integer is 123456789.

Assume that h(X) = x;. For an array X with length m, obtain the order of worst-case time complexity by
supplementing the intermediate steps of its derivation. In the derivation, evaluate the order of the time complexity
in terms of comparisons, while ignoring theé'.complexity of the other operations.

Program 1 is an implementation of the algorithmyf (X) in the C programming language. Describe the codes that
should be in the blanks, [A], [B], and [C]:

Suppose that h(X) is adfunction thatreturns an element p selected from X uniformly and randomly. Answer

the order of the average time complexityof f(X) as a function of n. In addition, describe its reason in detail.
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(6,9,3,5,1,7)

(3,5,1)—/6 —(9,7)

(1)—3—() (7.9)

[

(1,3,5)—6 —(7,9)

(1,3,5,6,7,9)

Fig. 8

/* Programl
void swap (int X[], int i, int J){
int tmp =

}

int partition

*/

X[i]l; X[i] = X[3];

(int X[], int left,

X[3]

tmp;

int right) {

int pivot X[left];
int i = right;
for (int j right; j >= left+l; j--) {
if (X[J] >= pivot) {
[A]
i-- ’
}
}
15
return i;
}
void f(int X[], int left, int right) {
if (left < right) {
int pivotpos n(X, left, right);
}
}
int main (void
int X[10] , 1, 2, 3, 4, 5, 0, 8};
f(X, 0, s sizeof (X[0]) - 1);
retur
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Problem 5

I.  Consider the eigenstates of a particle confined by the following one-dimensional potential as shown in Fig. 1.

+o0 (x<0)
V(x) =40 (0<x<d)
+o00 (x=d)

Here, m is the particle mass, E is the particle energy, i is the imaginary unit, # is Planck’s constant h divided

by 2r. Answer the following questions.

(1) Write the time-independent Schrédinger equation in the region of 0 < x < d. In addition, show the boundary
conditions for the wave functionat x = 0 and d.

(2) Solve the Schrodinger equation in Question (1) and find the wave function of a particle.

(3) The position x and momentum p are known to obey the Heisenberg’s uncertainty principle. Express the
relation among the uncertainty of the position Ax, the uncertainty of the momentum Ap, and # in terms of an
inequality.

(4) Find the expectation values (x) and (p) of the position x and the momentum p, respectively.

(5) The uncertainty of a physical quantity a is expressed as Aa = /{a?) = (a)2. Using this equation, show that
the uncertainty relation in Question (3) holds for the particle confinediby the potential V(x).

Next, consider the case where a barrier height on the right side of the potential in Fig. 1 is finite as shown in Fig. 2

and where a particle is in the bound state in the following potential V(x,).

+o0 (x<0)
V(ix)=<{0 (0<x<d), Vo >0
Vo (x=d)

Here, the bound state means that the wave function becomes zero at infinity.

(6) Explain the boundary/onditions for the,wave function at x = d.

(7) Show that the wave functionat x >d is given by the following form:

Y(x) ={€e ¥* (C isaconstantand K is a real constant).

In addition, express K using d and the wave number k of the wave function for 0 < x < d.
Next, V, is lowered, and when V,, <V, bound states disappear. (For V; > V/;, bound states exist.)

(8) Find V;.
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Fig. 1
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II. Consider the statistical distribution of electrons in solids. Here, m is the electron mass, E is the electron energy,
i isthe imaginary unit, T is the absolute temperature, kg is the Boltzmann constant, pu is the chemical potential,

and h is Planck’s constant h divided by 2zn. Answer the following questions.

(1) In general, elementary particles are divided into two groups: fermions and bosons. Electrons are fermions that
obey the Fermi-Dirac distribution.
(1-1) Express the Fermi-Dirac function f(E) using E, T, kg, and p.Inaddition, sketch the approximate
graph of f(E) inthe cases: T = 0 (absolute zero) and T > 0 (finite temperature).
(1-ii)) Draw the approximate forms of the Fermi-Dirac distribution function, the Bose distribution function,
and the Boltzmann distribution function at finite temperature (T > 0) in the same graph with
(E — w)/(kgT) on the horizontal axis.

(2) As a model of conduction electrons in solids, we consider free electrons in the hypothetical cube with a length
of L on each side where the periodic boundary conditions hold.
(2-1) The wave function of the electron at the position r is given by the following form. Find the possible

values of the components k,, k,,and k, of the wave vector k.

1 ,
Y(r) = Nk (k1)

(2-ii) In the wave number space, express the nimber of states with a wave vector k whose magnitude is
smaller than kg, using ky, and L. Assume that Lhis sufficiently large, and therefore L > 2m/k,
holds.

(2-iii) Find the density of states D(E).

(2-iv) Express the Fermi energy (chemical potential at absolute zero) using m, h, L, and the total number
N of electrons in the cube.

(2-v) Considering the fraction of electrons that are affected by heat at low temperatures, explain qualitatively
the reason why the.specific heat of electrons at low temperatures is proportional to temperature. In
addition, explainthe difference from the specific heat of electrons obtained from the classical theory

and the reason for the difference. Write your answer in about 5 lines in total.
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Problem 6

I.  Answer the following questions on control systems in Fig. 1. Let ¢t denote the time, s denote a variable of the
Laplace transform, and j denote the imaginary unit. Suppose K, , K, and a are real numbers. Let R(s), U(s),
and Y(s) denote the Laplace transforms of r(t), u(t), and y(t), respectively. The plant P(s) is expressed by the

following differential equation.

ddy(t) _d*y(t) _dy(t)
= + i +2 It = 2u(t)

(1) Find the transfer function from U(s) to Y(s).

(2) For C;(s) = K; and C,(s) = 0, find the range of K; that makes the closed-loop system stable.

(3) For C;(s) = K; and C,(s) = 0, draw the root locus of the closed-loop system for 0 < K; < oo. If there are
bifurcation points or stability limit points, find K; and the coordinate s on the root locus at the points.

(4) For C;(s) = K;, C,(s) = K;s, and K, = 1, find the characteristic-equation’of the, closed-loop system. Then,
find the range of K; that makes the closed-loop system stable.

(5) For Ci(s) = K;, C,(s) = K;,s,and K, # 0, find K; and K, such that the crossover angular frequency w, is
1 rad/s and the phase margin is 45°.

Hint: Let G(s) be the transfer function in the dotted box. You mayuse |G(jw.)| = 1.

(6) For C;(s) =K (s+a) and C,(s) =0, find K; and a such that the crossover angular frequency w, is 1
rad/s and the phase margin is 45°.

(7) By comparing the control system of Question (2) with the control systems of Questions (5) and (6), discuss the

advantage of introducing K, and (s + a){using root loci.

+ U(s) Y(s)
R(s) —>0——» C.(s) P(s) >
Cy(S) |e
G(S) T
Fig. 1
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II. There are a symmetrical three-phase circuit as shown in Fig. 2(A) and a single-phase AC circuit as shown in Fig.

2(B). Let j denote the imaginary unit.

Assume that the power is transmitted by wires of equal length and the total amount of wire material is the same in
(A) and (B). In this case, when the resistance per wire in case (A) is 3 €, the resistance per wire in case (B) is 2 Q.
When the load impedance is Z = (6 + j8) Q and the effective line voltage of the load is 200 V, answer the following

questions.

(1) Find the active power P, and Py consumed by the three-phase load and single-phase load, respectively.

(2) Find the power loss Ppjoss and Pgjoss due to the wire in each of the cases (A) and (B). Then, briefly explain

what can be learned from these results.

(3) Let w be the angular frequency of the power source and t be titme. Derive expressions for the instantaneous
power pa(t) in the three-phase load and pg(t) in the single-phase load. Next, illustrate the waveforms of
pa(t) and pg(t), and explain their relationship to P, and Pg, respectivelypobtained in Question (1). The phase

of the source voltage can be defined appropriately.

30
¢ N 70
° *—
7z
200V
200V | _, p z
20
°
s 1|
S
° S
30
A) (B)
Fig. 2
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